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Abstract-A membrane model is used to analyse the dynamic response of the atrio- 
ventricular valves (mitral and tricuspid) immediately following valve closure. General 
solutions are first obtained for the forced and damped vibrations of an idealised elastic 
membrane and then adapted for the valve vibration in response to the systolic atrio- 
ventricular pressure loading. The resulting valve motion is discussed in relation to the 
first heart sound. 
INTRODUCTION 
After more than a century of study, no single theory describing the vibratory origin of 
the heart sounds has been universally accepted. This is particularly true for the first heart 
sound, a composite waveform containing contributions from a number of possible 
sources, which may include atrio-ventricular valve vibrations as well as ventricular vi- 
brations and ejection sounds. Clarification of the relative contributions of these sources 
may lead to an improved understanding of the phonocardiogram, and consequently, 
greater diagnostic accuracy. 
A number of meticulous studies have suggested that .the vibration of the atrio-ven- 
tricular valve leaflets may be a contributory factor in the production of the first heart 
sound, S 1. The study by Laniado er al. [l], in particular, has lent credence to the idea 
that mitral valve vibration plays a causative role in S, production. Synchronized record- 
ings of the phasic mitral flow with a cinefluorogram of the motion of the valve cusps have 
revealed the first major component of S1 to be coincident with cessation of mitral flow 
and closure of the valve. The recent studies of Waider and Craige [21, Mills er al. [33, 
and Prakash et al. [43 using the combined noninvasive techniques of phonocardiography 
and echocardiography have provided further confirmation of the precise coincidence of 
mitral valve leaflet coaptation with the onset of the first higher frequency component of 
S,. This temporal relationship has been observed by Waider and Craige [21 invariably in 
over 1000 subjects. 
An exact understanding of the means by which atrio-ventricular valve closure can 
contribute to S, will have clear advantages in the interpretation of experimental obser- 
vations regarding the factors which affect the sound. This will increase the accuracy of 
cardiac auscultation and may establish the basis for improved diagnostic use of the phono- 
cardiogram in the future. These beneficial considerations have motivated the present 
study. 
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RATIONALE OF THE MEMBRANE MODEL 
If, therefore, it is accepted that atrio-ventricular valve vibration makes a significant 
contribution to the complex of the first heart sound, a number of apparent mechanical 
features become essential to an accurate description of the mechanics of heart sound 
production. It is clear from experimental observations that vibrations must occur im- 
mediately following valve closure and that the driving force of the vibrations must orig- 
inate from the contracting ventricle and will be exerted on the closed valve leaflets by 
means of the rapidly rising systolic pressure loading. Furthermore, the valves must be 
capable of elastic recoil. 
The foregoing hydromechanical features may be represented in essence by modelling 
each atrio-ventricular valve leaflet immediately following closure as a deformable, thin 
elastic membrane, immersed in a viscous fluid medium, subjected to a time-dependent 
pressure loading, and with an initial velocity which corresponds to the rate of closure of 
the leaflet. The response of the membrane to the pressure loading will determine the 
extent and nature of any resultant vibrations. 
A one-dimensional model of this type has been successfully employed by Blick et al. 
[51 to correlate the theoretical behaviour of aortic valve vibrations with experimental 
observations. 
MATHEMATICAL ANALYSIS 
On the basis of membrane models, the mathematical analysis of the vibrations of mitral 
and tricuspid valve leaflets will now be presented. Consider the atrio-ventricular valve 
leaflets at the stage in ventricular systole immediately following valve closure. While the 
leaflets are fixed around the curved edge by the fibrous valve ring, the free edges are held 
in apposition to each other by the suspensory ligaments, the chordue tendineae. The 
Young’s modulus of the chordue has been found to be higher than that of the membrane 
tissue [6,71 so that each leaflet boundary may be regarded as being entirely fixed. Fur- 
thermore, the fluid pressure across the valves distends and provides tension in the leaflets, 
which are held in the distended state and prevented from moving into the atrium by the 
restraining action of the chordae tendineae. 
FOF the purpose of analysis, consider each 1eatIet membrane separately. When the 
membrane vibrates, the profile of the deflection surface at any instant of time can be 
described by a family of iso-amplitude contour lines which when projected onto the initial 
XY- plane will form a system of level curves u(~,y) = Constant. This family of closed 
curves wiIl be denoted by C, 0 5 u 5 u*, where Co represents the boundary of the 
membrane and CU. coincides with the point at which the maximum u = U* is attained. 
The region bounded by C, is denoted by a,. 
The differential equation of motion for forced and damped vibrations of a membrane 
at any time T can be expressed as [81 
T aw f XdS-d 
Cll 
Fdft=p 
n, 
(1) 
where W is the membrane displacement, which is a suitable function of the iso-amplitude 
contour lines u(.r,y) = Constant. In the above equation the various terms appearing are 
due to elastic forces, viscous damping, driving forces and inertial forces, respectively, 
and the coefficients T, d, and p are, respectively, the membrane tension, the coefficient 
of viscous damping, and the density. 
The solution of the forced vibration equation (1) can be found using the normal mode 
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expansion in terms of the eigenfunctions of the associated free vibration problem as 
follows, First, the eigenfunctions WI and the eigenfrequencies or of the corresponding 
free vibration problem are determined. It is well-known that this eigenvalue problem is 
self-adjoint and hence the associated eigenfunctions form a complete set and are mutually 
orthogonal. Thus the solution to Eq. (1) can be expressed as a linear sum of the eigen- 
functions Wi in the form 
W =i gi tr) Wi (U)* (2) 
i-1 
Since Wi is a solution of the corresponding free vibration problem, we have [I33 
(3) 
where Bi is the ith zero of the zeroth order Bessel function Jo. 
With the form of solution expressed by Eq. (2), the differential equation of motion (1) 
reduces to 
Since we have the free vibration equation of a membrane given by 191 
Eq. (4) can be rewritten as 
FdR, (6) 
where dots denote derivatives with respect to the temporal variable. The driving force 
function appearing in the above equation is considered to be time-dependent only and 
uniformly distributed over all points on the leaflets so that 
F(x.YY) = qW, (7) 
where 9 is a unit pressure loading. Using a normal mode expansion in terms of the 
eigenfunctions, it is possible to express the forcing function in the form 
F(x,Y,T) = h(r) i Qi WdU), (8) 
i=l 
where the coefficients ai can be obtained using the orthogonality relations of the eigen- 
functions: 
(9) 
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and noting that Wr given by Eq. (3) satisfies 
(10) 
The values of the coefficients ac are obtained as 
ai = 2/BfJl(Bi). (11) 
Equation (6) will now uncouple into an infinite number of linear differential equations for 
the gi(r) on using the expression (8) for F and then the orthogonality properties of the 
eigenfunctions as given above, yielding 
d 
ii(T) + - ii(T) + OJfgi(T) = 
P 
; h(T). (12) 
Clearly, the solution of the above equation will depend on the form of the forcing function 
h(T). 
MITRAL VALVE RESPONSE 
On the basis of the foregoing theory, the response of the atrio-ventricular valves and 
in particular, the mitral valve will now be modelled. It is clear that the mitral valve 
sustains a rapidly increasing pressure loading, which is the difference in pressure between 
the left atrium and left ventricle, following atrio-ventricular pressure equalization at the 
commencement of ventricular systole. This pressure difference increases with time until 
it attains a peak of approximately 100 mm Hg [Fig. l(a)]. Experimental studies by Lan- 
iado er al. [ 11 indicate that mitral closure occurs some 40 msec after the atrio-ventricular 
pressure crossover so that mitral leaflets will be subjected to an initial nonzero pressure 
loading at closure of approximately 20 mm Hg. Accordingly, the forcing function h(r) is 
reasonably approximated by the ramp function [Fig. l(b)], assuming that the mitral valve 
is subjected to an initial pressure loading of magnitude S, followed by a linearly rising 
pressure gradient dp /dr until a time r1 and then a constant pressure thereafter. Thus, the 
approximated form for the input pressure loading is 
h(T) = SH(T) + 2 I 
+ 
[H(t) - H(t-Tdl dt, 
0 
(13) 
where H(T) is the Heaviside unit step function. 
With the form of h(T) given by expression (13), the mitral valve response is calculated 
by solving Eq. (12) with the aid of the Laplace transform method. We thus obtain 
a(7) 
ai S 
=$A(T) +-- 1 - B(T) 
d -- 
1 P w% 
2pn, A(4 1 
‘(14) +‘idpL 
d 
p dro: 
T--f d B(T) + 
Pd Pd 
$ (&- l)AO] 
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Fig. 1. Left ventricular and atrial pressure curves (a) with the ramp approximation (b) of the systolic pressure 
loading sustained by the mitral valve. 
where we have used the following initial conditions for gi(7): 
g, (0) = 0 and ii (0) = 
Oforalliexcepti = 1, 
v0 for i = 1. (15) 
Thus, v. can be viewed as the initial velocity of the membrane as a result of the motion 
of the valve leaflet closure. Here A(r), B(r), and Q are, respectively, given by 
A(T) = d--d’2p)r sin&, 
B(7) = e(-d’2P)r co&7 
* = 0: -(h/4$). 
(16) 
It is to be remembered here that wi represents a natural frequency (rad/sec) of the mem- 
brane whereas R1 is the actual frequency. Substituting expression (14) for gi(7) in Eq. 
(2) then yields the displacement at any point of the valve leaflet. The membrane velocity 
at any point may be obtained from 
where 
dgt vo -=- 
dr Qi W(T) 
- $ A(r) 1 + Sai A(T) 4% 
+ 
=t dp 1 d --- 
p d7 of 1[ 
l-- 
2Pfh 
44 - B(T) 
3 
A(T--~~) - B(T-T~) II . 
(17) 
(18) 
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RESULTS 
In Fig. 2(a), the maximum displacement response corresponding to the first three 
symmettical modes is illustrated. Usually, it is found that only the first few modes provide 
significant contribution to the displacement of the membrane. 
In Fig. 2(b) the total maximal displacement corresponding to the first three modal 
functions gl(r) is shown. For the purpose of illustration, a leaflet with a fundamental 
natural frequency of SO Hz has been considered, and a damping-to-mass ratio of 14.36 
dyn set/cm gm following Blick et al. [51. The input parameters S, dp /dr, and rl have 
been taken as 20 mm Hg, 5 mm Hg/msec, and 20 msec, respectively. In Figs. 3(a) and 
3(b) the corresponding velocities calculated at the point of maximal displacement are 
shown. The first three modal shapes are also shown in Fig. 4(a), whereas in Fig. 4(b) the 
displacement of the membrane as time proceeds is illustrated. 
0.9 
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fundamental mode 
0.4 
i 
Total displacement response 
0.3 
02 
0.1 
25 50 75 100 
Time (msec) 
Fig. 2. Membrane displacement response to systolic pressure loading: (a) the first three symmetric modes; (b) 
total displacement response, computed at the point of maximal deflection. 
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Fig. 3. Membrane velocity response to systolic pressure loading: (a) the first three symmetric modes; (b) total 
velocity response, computed at the point of maximal deflection. 
DISCUSSION 
The present study offers a quantitative account of mitral valve response to systolic 
pressure loading following valve closure. The essential feature of the model is that mitral 
valve vibration is not analysed as though resulting from collision of the leaflets, but as a 
consequence of the time dependent pressure loading which immediately follows closure 
in normal circumstances. The response of the leaflets will determine the nature and 
magnitude of their contribution to S1, as energy is dissipated with the damping of the 
vibrations and is recorded at the chest wall. 
In terms of the model of valvular response presented here, a number of factors which 
may be expected to affect first heart sound intensity become apparent. For forced vibra- 
tions, the valve tissue must be subjected to a deforming pressure loading and be capable 
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Fig. 4. (a) Membrane symmetric modal shapes calculated after 5 msec. The total displacement is illustrated at 
2 msec intervals in (b). 
of elastic recoil. A regurgitant valve for instance should contribute less towards the sound 
production due to diminished pressure loading, whereas gross fibrosis or calcification of 
the valve leaflets should also produce less sound as the leaflets become less able to exhibit 
elastic recoil. 
Furthermore, it is clear from Eq. (15) that the magnitude of the time derivative of the 
pressure loading will have a significant influence on the velocity of valve leaflet motion, 
which is a factor in energy dissipation. Any factor which alters the rate of development 
of the pressure gradient across the leaflet may then be expected to affect the heart sound 
intensity accordingly. Such factors may include ventricular contractility as well as the 
timing of closure with respect to ventricular systole. 
The amplitude of the first group of high frequency vibrations of St has been experi- 
mentally related to left ventricular dp /dT during isovolumic systole [ 101. The first major 
component of St has been observed to be coincident with mitral closure 12-41. Therefore 
it is not inconsistent to suppose that the mitral valve response to left ventricular systolic 
pressure loading contributes to the first major component of S1 by the mechanism outlined 
here. Contribution to S1 intensity from the tricuspid valve response to right ventricular 
systole may also be expected [31. 
In Figs. 5(a) and 5(b) comparisons are plotted for representative left and right sided 
atrio-ventricular valve responses. For this purpose, the tricuspid valve response has 
been calculated for a systolic pressure loading of 25% of that of the left ventricle. The 
relatively lower blood mass of the right ventricle and relatively smaller size of the tri- 
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cuspid leaflets prompted the choice of higher natural frequency (65 Hz) and higher damp- 
ing-to-mass ratio for comparison. The initial step-loading is taken as 5 mm Hg reaching 
a peak of 25 mm Hg in 0.02 sec. The appreciably reduced displacement and velocity 
response of the tricuspid valve will result in a much lower rate of energy dissipation than 
from its left ventricular counterpart. This is consistent with the experimental observations 
by ,Luisada et al. [ 1 I] that the first heart sound is predominantly of left-sided origin. The 
displacement and velocities shown in Fig. 5 have been computed at the point of maximal 
deflection of the membrane for representative values of the left and right ventricular 
pressure loadings. 
In Figs. 6(a) and 6(b), the effects of the valve closing velocity relative to the fluid 
medium are shown. It may be observed that for an increased closing velocity, larger 
0.7 
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Fig. 5. Membrane displacement (a) and velocity (b) computed at the point of maximal deflection for left and 
right ventricular pressure loadings. 
106 T. C. HEARN AND J. MAZUMDAR 
Initial velocity 10 cmlsec 
20-b Initial velocity 10 cm/set 
( ;_i 
25 50 75 100 
Time (msec) 
Fig. 6. Membrane displacement (a) and velocity (b) computed at the point of maximal deflection with several 
initial relative velocities. 
displacement and velocity responses may be expected, and consequently a louder lirst 
heart sound. Preliminary reports by Leatham 1121 indicate that this may be experimentally 
verified. 
CONCLUSION 
A study has been made to analyse the dynamic response of atrio-ventricular valves 
to the systolic pressure loading. Since in all likelihood, mitral valve vibration plays a 
significant role in the production of the first heart sound, the factors which affect the 
mitral valve response have been examined here in detail. 
In conclusion, the membrane model discussed here serves to provide a mechanism for 
atrio-ventricular valve contribution to the first heart sound and some clarification of the 
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factors which may be expected to affect the intensity. It is hoped that as a long-term 
objective, a better use may be made of the phonocardiogram as a noninvasive diagnostic 
technique. The mathematical analyses and results presented in this paper, in the context 
of published experimental observation, are consistent with the idea that atrio-ventricular 
valve vibration, particularly the mitral valve, plays a causative role in the origin of the 
first heart sound. 
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